
RE VIEW 
LESSON A The real numbers Fundamental concept review 

A. A 
The real The numbers that we naturally use to count make up the set called the natural 
numbers numbers, or the counting numbers, or the positive integers. We use the symbol bI to 

represent this set. 

The negatives of these numbers are called the negative integers. If we include the 
number zero with the positive and the negative integers, we can designate the set of 
integers. The symbol Z is often used to represent this set. This symbol comes from 
the first letter in the German word zahlen, which means "integer." 

Any number that can be written as a quotient (fraction) of integers (division by zero 
excluded) is called a rational number. We use the symbol Q for quotient to designate 
this set. The following numbers are rational numbers. 

Any number that cannot be written as a quotient of integers is called an irrational 
number. We do not have a symbol for this set. Examples of irrational numbers are 

The set of real numbers includes all members of the set of rational numbers 
and all members of the set of irrational numbers. We use the symbol R to represent 
the set of real numbers. Every natural number is an integer. Every integer is a 
rational number, and every rational number is a real number. If we use C to mean 
"a subset of," we can write 

The real numbers make up an ordered set, for the members of the set of real 
numbers can be arranged in order, which we indicate when we draw a real number 
line. 

Each point on the number line is associated with a unique number called the 
coordinate of the point. When we graph a number, we place a dot on the number line 
to indicate the position of the point that has this number as its coordinate. On the 
number line above we have graphed i, 1 + fi, and -2 i .  
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2 Review Lesson A 

The order properties of real numbers are listed in the following box. 

ORDER PROPERTIES 

If x, y, and z represent real numbers, then 
1. Trichotomy. Exactly one of the following is true: 

x < y  or x = y  or x > y  

2 .  Transitivity. If x < y and y < z, then x < z. 
3. Addition. If x < y, then x + z < y + z. 
4. Multiplication. If z is positive and x < y, then xz < yz. 

If z is negative and x < y, then xz > yz. 

The set of real numbers is closed under the operations of addition and 
multiplication, since the sum of any two real numbers is a real number and the 
product of any two real numbers is a real number. The real numbers constitute a 
field. The properties of a field are shown in the following box. 

THE FIELD PROPERTIES 

If x, y, and z represent real numbers, then 
1. Commutative laws. x + y = y + x and xy = yx. 
2. Associative laws. x + (y + z) = (x + y) + z and x(yz) = (xy)z. 
3. Distributive law. x(y + z) = xy + xz. 
4. Identity elements. There are two distinct numbers 0 and 1 

satisfying x + 0 = x and x . 1 = x. 
5. Inverses. Each number x has an additive inverse (also called 

a negative), -x, satisfying x + (-x) = 0. Also, each number x 
except 0 has a multiplicative inverse (also called a reciprocal), 
x-I , satisfying x , x-I = 1. 

A.6 
Fundamental Now we will review some of the fundamental concepts from algebra whose use is 

concept required in the calculus problems in this book. Rather than use an expository 

review review, we will review by working problems whose solutions require the applica- 
tions of the concepts. We assume in each step that no denominator equals zero. 

Solution We will (1 )  eliminate parentheses, (2) multiply by the least common multiple of the 
denominators and simplify, (3) put all terms containing c on one side of the equals 
sign, and (4) factor c and then divide. 

va vb Y = - + -  eliminated parentheses 
x mc 

xmc y = xmc . + xmc - 
X 

vb multiplied by LCM of denominators 
mc 

xmcy = mcva + xvb 



.~oieu!urouap aqi az![euo!it!~ oi sdais OMI asn a~ ISJ!~ uo!jnlos 

tc-~ - :/2~ - f E :.(J!I~"!S P-v a~dwexa 

1 -L~qdur!s put! 2~2 + E dq MoIaq put! aAoqt! d~d!i~nux ah uo!jnlos I 

~o~aq put! aAoqt! pappt! q + 3m 
*. (1) I 

'L~![dur!s (2) put! ~o~aq put! aAoqt! ppt! (I) ah .pait!u!urga 
aq iouut!:, sJoit!u!urouap aqi os 'uo!ssa~dxa srqi u! u%!s slt!nba ou s! alaqL (q) 

r-rr- 
X , b, 

'ICj!ldm!s (PI Put! 
'pPe (E) 'b!ldur!s (2) 'ppt! (I) aM .uo!veq aldur~s t! st! uo!ssa~dxa s!ql al!JM uo:, aM 
inq 'pait!u!ur!la aq iouue:, sJoieuIuxouap aqi 'u%!s slenba ou s! aJaqi uaqM (v) ~O!~nlOS 



We finish by adding these three terms, using 6 as a common denominator 

Example A.5 Simplify: 2 G f i  + 3 i ~  - 

Solution We will use three steps to simplify. 

2 f i i f i  + 3 i f i  - f i i f i i  + 4 i +  3 f i i +  2 + 2 + ( 4 +  3 f i ) i  

2i2 - 3i + 4 
Example A.6 Simplify: i 2  + 2i - 

Solution First we simplify above and below. Then we multiply above and below by the 
conjugate of the denominator. 

y x t 3 y l 1 2 -  I zu 

Example A.7 Simplify: ( a )  y(x-uy2z(x-0v3 (6 )  x3l4* x112* 

Solution (a) First we rearrange and then we add exponents of like bases. 
Vxt3tx12-I-d2trr12 a - d 3 t u l 3  = y x t 2 t a 1 2  4013-63 z Z 

(b)  Next we replace the radicals with fractional exponents and then add the 
exponents of like bases. 

X 3 / 4 X I 1 2 y l 1 2 x  1 /2X4/3  + x37112 112 Y 

Example A.8 Factor: 4a3"+? - 1 6a3" 

Solution If each term is written in factored form, the common factor 4a3" can be determined 
by inspection. Then we factor out the common factor and finish by factoring a2 - 4. 

(4)a3"a2 - (4)(4)a3" = 4a3'"a2 - 4 )  common factor 

= 4a3"(a + 2)(a - 2) factored a2  - 4 

Example A.9 Factor: ( a )  8a3 - b3c6 (6 )  m 3  + x3y6  

Solution (a )  We know that the difference of two cubes F 3  - S 3  can be factored as 
( F  - S ) ( F 2  + FS + S 2 ) ,  where F is the first term and S is the second term. We note 
that expression ( a )  can be written as the difference of the two cubes. Then the 
factored form can be written by using the factored form of F 3  - S 3  as a guide. 

(b )  The sum of two cubes ( F 3  + S 3 )  has ( F  + S )  as one factor. The other 
factor has F2 as the first term and S 2  as the third term. The middle term is -FS. 

The expression m 3  + x3y6 can be written as the sum oftwo cubes. We can then write 
the factored form by inspection by comparing it to the factored form of F3 + S 3 .  



14! Example A.10 Eval~ate: (a )  
21 

(6)  C -- 
,=o J + 1 ( c )  i 3  

( = I  
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( c )  3 + 3 + 3 + 3 = 1 2  

Problem set A Problem sets in this book will end with two or three concept review questions. 
Problems that compare the values of quantities come in many forms and can 

be used to provide practice in mathematical reasoning. In these problems, a 
statement will be made about two quantities A and B. The correct answer is A if 
quantity A is greater and is B if quantity B is greater. The correct answer is C if the 
quantities are equal and is D if insufficient information is provided to determine 
which quantity is greater. 

1 1. Compare: A. 7 -  ft2 B. 0.8 yd2 
5 

2. If x = t ,  compare: A. 7(2t - 2x) B. -6(3t - 3x) 

3. I f 4 < ~ < 9 a n d 2 < y < 1 4 , c o m p a r e :  A. x B. y 

t 16. Solve: x - 22 = -3 
2 y - z =  -6  

Factor: 
17. 1 ( j a 4 m + 3  - g a 2 ! n + 3  

19. a6 - 27b3c3 




